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Abstract
The perturbed Burgers and KdV equations are considered.  Often, the perturbation excites waves
that are different from the solution one is seeking. In the case of the Burgers equation, the sponta-
neously generated wave is also a solution of the equation.  In contrast, in the case of the KdV
equation, this wave is constructed from new (non-KdV) solitons that undergo an elastic collision
around the origin.  Their amplitudes have opposite signs, which they exchange upon collision.
The perturbation then contains terms, which represent coupling between the solution and these
spontaneously generated waves.  Whereas the unperturbed equations describe gradient systems,
these coupling terms may be non-gradient.  In that case, they turn out to be obstacles to asymptotic
integrability, encountered in the analysis of the solutions of the perturbed evolution equations.
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Integrable nonlinear evolution equations are usually derived as approximations to more com-
plex physical systems.  Of this type are, for example, the Burgers equation (propagation of weak
shock fronts in a fluid [1, 2]), the KdV equation (propagation of solitons in shallow water [3, 4]),
and the NLS equation (propagation of electromagnetic pulses in optical fibers [5, 6]).  When
physically relevant higher-order terms are added to the equation, the ability to generate a pertur-
bative expansion for the solution depends on the type of solution sought [7-12].
If one is seeking a solution, for which the zero-order approximation is a single-wave (front or
soliton), then the standard Normal Form expansion can be implemented.  The Normal Form (NF,
the equation governing the evolution of the zero-order approximation to the solution) is integrable
through every order.  Its solution has the single-wave structure of the unperturbed equation, except
for a necessary update of the wave velocity.  The Near-Identity Transformation (NIT, the expan-
sion of the full solution in a power series in a small parameter) can be computed order-by-order in
closed form as a functional of the zero-order approximation, and only contains bounded correc-
tions.
The situation is different in the case of a multiple-wave solution (i.e., multiple solitons in
cases of the KdV and NLS equations [8-10], or multiple fronts in case of the Burgers equation [7,
11, 12]).  The perturbation contains terms that cannot be accounted for in the standard way.  Try-
ing to account for these terms by the NF, they spoil its integrability, and the resulting zero-order
approximation loses the simple multiple-wave structure of the solution of the unperturbed equa-
tion.  For this reason, the unaccounted-for terms are called “obstacles to asymptotic integrability”.
Alternatively, the effect of the obstacles on the higher-order corrections in the NIT cannot be ex-
pressed in closed form, e.g., as differential polynomials in the zero-order approximation.  Moreo-
ver, the obstacles may lead to the appearance of unbounded terms in the perturbative expansion of
the full solution.  Ways to overcome the obstacle problem in the cases of the perturbed Burgers
and KdV equations have been proposed in [13-15].
In [10], it has been suggested that obstacles to asymptotic integrability emerge owing to ine-
lastic interactions.  This note focuses on the physical significance of the obstacles in the Burgers
and KdV equations.  We show how the obstacles are the expression of inelastic interactions,
stressing the following points:
(i) The perturbation excites new waves, different from the solution one is seeking;
(ii) The perturbation contains terms that represent coupling between the solution sought and
these spontaneously generated waves;
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(iii) Whereas the unperturbed equations describe gradient systems, these coupling terms may be
non-gradient.  In that case, they turn out to be obstacles to asymptotic integrability;
(iv) Owing to the dissipative nature of the Burgers equation, an infinitely extended overlap be-
tween the solution one is seeking and the spontaneously generated wave exists.  Because of
this overlap, the obstacle has the capacity to generate unbounded terms in the solution;
(v) Owing to the conservative nature of the KdV equation, the overlap between the multiple-
soliton solution and the spontaneously generated wave is confined to a local neighborhood
of the origin.  As a result, the obstacle generates an asymptotically decaying exponential tail.
The solution of the unperturbed equations can be constructed from solutions of a member of a
Lax pair [16].  In the case of the KdV equation, the N-soliton solution is constructed from N Jost
functions that correspond to the discrete spectrum of the Schrödinger equation [17-20].  The mul-
tiple-soliton solution is a specific combination of these functions [21].  Far from the origin, each
Jost function generates one soliton with the wave number and velocity of the function.  The per-
turbation contains terms, which represent coupling between the solution one is seeking, and an-
other wave.  The latter is not a solution of the KdV equation, because it is constructed through
inelastic interactions amongst pairs of the same Jost functions.  In second order, this coupling term
is the obstacle to integrability.
In the case of the Burgers equation, the multiple-front solution is constructed from exponen-
tial waves that are solutions of the diffusion equation [22-24].  Focusing on front solutions that
vanish in some direction in the x-t plane, we show that, again, the obstacle to integrability repre-
sents coupling between such fronts and other wave fronts.  The latter are also solutions of the Bur-
gers equation, however, not of the same family, because they obey different boundary conditions.
In addition, they are generated through inelastic interactions of the fundamental exponential
waves.
Consider, first, the perturbed Burgers equation, where an obstacle to integrability emerges al-
ready in the first-order calculation [7, 11, 12]:
wt = 2wwx + wxx + ε 3α1w
2 wx + 3α2 wwxx + 3α3wx
2 + α 4 wxxx( )   . (1)
In the following, we shall need Sn, the symmetries of the Burgers equation, as well as their spatial
integrals, Gn [22-24].  In a first-order analysis, the first three symmetries are needed:
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S1 w[ ] = wx , G1 w[ ] = w
S2 w[ ] = 2wwx + wxx , G2 w[ ] = w 2 + wx
S3 w[ ] = 3w2 wx + 3wwxx + 3wx2 + wxxx
  . (2)
Note that, whereas the unperturbed part of the r.h.s. of Eq. (1) can be written as a gradient
term, namely, as a derivative with respect to x of a differential polynomial in w, the perturbation
cannot.  Its decomposition into gradient and non-gradient terms is not unique.  Based on [14, 15]
we use the following decomposition:
3α1w
2 wx + 3α2 wwxx + 3α 3wx
2 + α4 wxxx =
α1 − 12α2 +
1
2α3( )S3 w[ ] + 12α1 − α2 − 12α3 + α4( )∂x2S1 w[ ] + − 32α1 + 32α2{ }∂xS2 w[ ]
+ 32α2 −
3
2α 3( )R21 w[ ]
  . (3)
R21[w] is expressed in terms of symmetries of the Burgers equation [14, 15]:
R21 u[ ] = S2 u[ ]G1 u[ ] − S1 u[ ]G2 u[ ]   . (4)
Unlike the first three terms on the r.h.s. of Eq. (3), it is not a gradient term.
Through O(ε), the Near Identity Transformation (NIT) is written as
w = u + ε u 1( ) + O ε 2( )   . (5)
The first-order correction is written as
u 1( ) = au 2 + cux + w
1( ) t, x( ) (6)
(When u is a single-front solution, another differential monomial, ux ∂x-1 u, is allowed in Eq. (6).
However, it is not allowed in the multiple-front case, as there it generates linearly unbounded
terms in the first-order correction [15].)  The last term in Eq. (6) represents a contribution that
cannot be written as a differential polynomial in u(t,x).
The Normal Form (NF) is written as
ut = S2 u[ ] + εU1 u[ ] + O ε 2( )   . (7)
Substituting Eqs. (5), (6) and (7) in Eq. (1), one obtains the first-order homological equation:
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U1 + ∂tw
1( ) − 2∂x uw
1( )( ) − ∂x2w 1( ) = µ S3 u[ ] + ρ∂x2S1 u[ ] + σ ∂xS2 u[ ] + λ R21 u[ ]   . (8)
In Eq. (8),
µ = a + α1 − 12α2 + 12α3   , (9)
λ = a + 32α2 − 32α 3   , (10)
ρ = 12α1 − α2 −
1
2α3 + α4   , (11)
σ = a + 32α1 − 32α2   . (12)
The symmetry on the r.h.s. of Eq. (8) is accounted for by its customary assignment to the NF:
U1 = µ S3 u[ ]   . (13)
The next two terms generate bounded contributions in w(1) [14, 15].
Of the four terms on the r.h.s. of Eq. (8), only the last one is not a pure gradient term.  If ac-
counted for by the NF (i.e., added to the first-order term in Eq. (3)), it spoils the integrability of
the latter [7, 11, 12].  This is the origin of the name “obstacle to asymptotic integrability” [7-12].
If one attempts to account for it by the first-order term in Eq. (2), then it has the capacity to gener-
ate a secular term in u(1).  To avoid this, one chooses the coefficient a so that λ = 0 in Eq. (8) [14,
15].
To expose the physical nature of the obstacle (Eq. (4)), we focus on multiple-wave solutions
of the NF that vanish at infinity in some direction in the x-t plane, given by
u t, x( ) =
ki e
ki x + vi t + xi,0( )
i=1
M
∑
1+ eki x + vit + xi ,0( )
i=1
M
∑
, vi = ki + ε µ ki
2 + O ε 2( )   . (14)
(Solutions that do not vanish at infinity in any direction in the plane can be transformed into ones
that do vanish asymptotically in some direction by an appropriate Galilean transformation.)
In the case of a single-wave (M  = 1), the solution of the NF is:
u t, x( ) = k e
k x + v t + x0( )
1 + ek x + v t + x0( )
, v = k + εα4 k
2 + O ε 2( )   . (15)
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For this solution, the obstacle of Eq. (4) vanishes explicitly, because then the symmetries obey
Sn = k
n − 1 S1 , Gn = k
n − 1G1   . (16)
For M > 1, the solution is composed of M + 1 semi-infinite fronts, which, away from the ori-
gin, asymptote into single-front solutions of the Burgers equation [26, 27, 15].  Two of the fronts
are generated, each by one exponential wave.  For instance, if one has  0 < k1 < k2 < ⋅⋅⋅ < kM , then
two fronts asymptote to single fronts that vanish at x = −∞.  They are generated each from one of
the exponential waves with i = 1, M, and are given by Eq. (15).  These two fronts are unaffected
by the existence of other exponential waves.  The remaining (M −1) fronts are affected by interac-
tions of the exponential waves.  Each has two non-vanishing boundary values and is generated by
inelastic interaction between pairs of exponential waves with adjacent wave numbers.  Their as-
ymptotic expression is given by [26, 27, 15]:
k j + k j+1 e
k j+1 − k j( ) x + vj , j+1 t + ξ j( )
1+ e kj+1 − k j( ) x + vj , j+1 t + ξ j( )
, vj , j+1 = kj + k j+1 + O ε( ), 1 ≤ j ≤ M −1   . (17)
The obstacle, given by Eq. (4), does not vanish for the M > 1 solution, because Eq. (16) is
not obeyed then.  Thus, this “canonical” obstacle represents the net effect of the multiple-front
solution relative to the single-front one.  (Because of the freedom inherent in the expansion, vari-
ous forms for the obstacles to integrability can be found in the literature. However, they do not
vanish explicitly when computed for the single-front case, unless constructed from the canonical
obstacle.)   We rewrite R21 as:
R21 = u
2 ∂xus , us t, x( ) ≡
G2
G1
⎛
⎝⎜
⎞
⎠⎟
(18)
us is constructed from the same M exponential waves from which the zero-order term, u, is con-
structed (see Eq. (14)).  Direct substitution shows that if u is a solution of the NF, Eq. (7), then so
is us.  However, the two waves are different.  u has one vanishing boundary value, and the (M + 1)
semi-infinite fronts described above, whereas the new wave has only non-zero boundary values
and M semi-infinite fronts, all generated inelastically.  Consider the two-wave case:
u t, x( ) = k1 e
k1 x + v1 t( ) + k2 e
k2 x + v2 t( )
1 + ek1 x + v1 t( ) + ek2 x + v2 t( )
  . (19)
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One then finds that
us =
G2
u
=
k1 + k2 e
k2 − k1( ) x + v1,2 t + ξ( )
1 + e k2 − k1( ) x + v1,2 t + ξ( )
ξ = log k2
k1
⎡
⎣
⎢
⎤
⎦
⎥
⎛
⎝⎜
⎞
⎠⎟
  . (20)
u(t,x) of Eq. (19) has three semi-infinite fronts, and vanishes asymptotically in a triangular
wedge in the x-t plane.  us of Eq. (20) has a single infinite (M = 2 semi-infinite fronts) with non-
zero boundary values.  It evolves along a characteristic line that is parallel to that of the inelasti-
cally generated front contained in u(t,x) (see Eq. (17)).  Both waves are shown in Fig. 1.
The case of the two-wave solution is indicative of what happens for general, M > 1:  us con-
sists of M semi-infinite fronts, which overlap with the inelastically generated fronts in u, the M-
wave solution of the NF.  This overlap extends along semi-infinite lines.  This is why R21, the ob-
stacle to integrability, has the capacity to generate unbounded terms in the solution along each of
the inelastically generated fronts, unless it is accounted for in a specific manner [14, 15].
The analysis in the case of the perturbed KdV equation follows similar steps.  As an obstacle
emerges only in second order [8-10], a perturbation through second order is included:
wt = 6wwx + wxxx + ε 30α1w
2 wx + 10α2 wwxxx + 20α3wx wxx + α 4 w5 x( )
+ ε 2
140β1w
3wx + 70β2 w
2 wxxx + 280β3w wx wxx
+ 14β4 w w5x + 70β5 wx
3 + 42β6 wx w4 x + 70β7wxx wxxx + β8 w7 x
⎛
⎝⎜
⎞
⎠⎟
+ O ε 3( )
  . (21)
The symmetries required through second order are [8-10, 17-19, 25]:
       
S1 u[ ] = ux , G1 u[ ] = u
S2 u[ ] = 6uux + uxxx , G2 u[ ] = 3u 2 + uxx
S3 u[ ] = 30u2 ux + 10uuxxx + 20ux uxx + u5 x , G3 u[ ] = 10u 3 + 10uuxx + 5ux 2 + u4 x
S4 u[ ] = 140u 3ux + 70uuxxx + 280uux uxx + 14uu5x + 70ux3 + 42ux u4 x + 70uxx uxxx + u7X
  .(22)
Similarly to Eq. (3), the O(ε) perturbation can be rewritten as:
30α1w
2 wx + 10α2 wwxxx + 20α3wx wxx + α4 w5 x =
1
3 4α1 − 3α2 + 2α3( )S3 w[ ]
+ 13 α1 − 2α2 − 2α 3 + 3α 4( )∂x 4S1 w[ ] + 53 −α1 + α2( )∂x 2S2 w[ ]
+ 103 −α1 + 3α2 − 2α3( )R21 w[ ]
  . (23)
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Thus, again, the quantity R21, given by Eq. (4), appears in the perturbation to begin with. However,
in the first-order calculation it does not constitute an obstacle to integrability.  It can be eliminated
by an appropriate term in the first-order NIT; the contribution of all O(ε)-terms in the perturbation
can be accounted for in closed form, leading to a bounded first order correction, u(1) [8-10].  We
note that unlike the case of the Burgers equation, here R21 can be written as a gradient term.
The second-order perturbation cannot be written as a gradient term.  A decomposition, simi-
lar to Eq. (8), can be found for the second-order perturbation, as well as for the driving term in the
second-order homological equation.  The freedom in the expansion allows one to reduce the ob-
stacle to a term proportional to u(t,x)⋅R21[u] [13, 14], which can be written as
u R21 = u S2 u[ ]G1 u[ ] − S1 u[ ]G2 u[ ]( ) = u 3 ∂x G2 u[ ]G1 u[ ]
⎛
⎝⎜
⎞
⎠⎟
  . (24)
Direct substitution shows that G2/G1 is constant (= 4k2) for a single soliton solution of the
KdV equation, given by
u t, x( ) = 2 k
2
cosh k x + 4 k 2 t( ){ }( ) 2
  . (25)
Hence, in the single-soliton case, Eq. (24) yields R21 = 0.
A multiple-soliton solution evolves asymptotically into a sum of well-separated single soli-
tons [4, 5].  Hence, G2/G1 assumes constant values (4⋅ki2) in the vicinity of each single soliton, and
changes from one constant value to the next somewhere between adjacent solitons.  Thus, G2/G1 is
composed of wave fronts.  In Fig. 2, We show plots of u(t,x) and G2/G1 for the case of a two-
soliton solution, given by the Hirota formula [21]:
u t, x( ) = 2∂x2 ln 1 + g1 t, x( ) + g2 t, x( ) +
k1 − k2( )2
k1 + k2( )2
g1 t, x( )g2 t, x( )
⎡
⎣
⎢
⎢
⎤
⎦
⎥
⎥
gi t, x( ) = exp 2 ki x + 4 ki 2 t( ){ }( )
  . (26)
It is more instructive to consider us, defined as
us t, x( ) ≡ ∂x
G2 u[ ]
G1 u[ ]
⎛
⎝⎜
⎞
⎠⎟
  . (27)
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us is also shown in Fig. 2 for the two-soliton case.  Using Eq. (26), one finds that, away from the
origin, us asymptotes into a sum of two, well-separated, solitons that are generated through inelas-
tic interactions of the Jost functions:
ue t→∞⎯ →⎯⎯
a1
cosh K1 x + V1 t( ){ } + ξ1( ) 2
+
a2
cosh K2 x + V2 t( ){ } + ξ2( ) 2
  . (28)
In Eq. (38), for k1 > k2, one has
a1 = sgn t( ) ⋅2 k1 − k2( ) k1 + k2( ) 2 a2 = − sgn t( ) ⋅2 k1 + k2( ) k1 − k2( ) 2   , (29)
K1 = k1 + k2 , K2 = k1 − k2
V1 = 4 k1
2 + k2
2 − k1 k2( ) , V2 = 4 k1 2 + k2 2 + k1 k2( )   , (30)
ξ1 =
ln k1 − k2
k1 + k2
⎛
⎝⎜
⎞
⎠⎟
+ σ ln k2
k1
⎛
⎝⎜
⎞
⎠⎟
k1 + k2
, ξ2 =
−σ ln k2
k1
⎛
⎝⎜
⎞
⎠⎟
k1 − k2
  . (31)
The second-order obstacle to integrability represents coupling between the KdV two-soliton
state, and the spontaneously generated state, us, which also asymptotes into two well-separated
solitons, but is not a solution of the KdV equation.  The wave numbers and velocities of the new
solitons are generated by inelastic interactions between the Jost functions from which the KdV
solution is constructed.  In addition, the amplitudes of the us-solitons have opposite signs, which
they exchange upon a kinematically elastic collision.  Finally, as the velocities of the new solitons
are different from the velocities of the genuine KdV solitons, the characteristic lines in the x-t
plane of the solitons in the two states are different.  Therefore, the overlap between the multiplica-
tive factors in Eq. (24) is confined to a small region around the origin, and the second-order ca-
nonical obstacle vanishes exponentially fast away from the origin.  As a result, the obstacle does
not have the capacity to generate unbounded terms in the expansion of the solution.  However, its
effect on the solution cannot be written in closed form as a differential polynomial in the zero-
order solution u [13, 14].  Extension to multiple-soliton solutions of the KdV equation is obvious.
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Figure Captions
Fig.1 Burgers equation: two-wave case. a) u(t,x) (Eq. (18)); b) spontaneously generated wave (Eq.
(19)). k1 = 5, k2 = 3.
Fig. 2 KdV equation: two-wave case. a) u(t,x) (Eq. (24)); b) spontaneously generated front, G2/u;
c) spontaneously generated sign-exchange solitons. k1 = 0.75, k2 = 0.5.
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